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Abstract
If one attempts to add momentum-carrying waves to a black string then
the solution develops a singularity at the horizon; this is a manifestation of the
‘no hair theorem’ for black objects. However individual microstates of a black
string do not have a horizon, and so the above theorem does not apply. We
construct a perturbation that adds momentum to a family of microstates of
the extremal D1-D5 string. This perturbation is analogous to the ‘singleton’
mode localized at the boundary of AdS; to leading order it is pure gauge in
the AdS interior of the geometry.
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1 Introduction
One of the great successes of string theory is its ability to reproduce the Bekenstein-
Hawking entropy of black holes from a microscopic count of states [1, 2]. To resolve
the information paradox [3] however, we need to go beyond indirect counting and
understand the gravitational description of individual black hole microstates.
An early attempt to find such ‘black hole hair’ was the construction of solutions
describing travelling waves on a heterotic black string [4, 5], and a D1-D5 black
string [6]. In each case the solution had a horizon. It turned out that adding the
wave led to curvature singularities at the horizon in the form of infinite tidal forces
[7] (see also [8, 9]). One could regard this as an instance of the ‘no-hair theorem’:
there are no regular perturbations of a horizon.
It turns out however that individual states of the D1-D5 system do not have a
traditional horizon. The simplest states are described by a semiclassical geometry
with an AdS throat ending in a smooth cap [10, 11, 12]. This structure is depicted
in Fig. 1 and described below. Since there is no horizon, we can ask the question: is
there a perturbation of such D1-D5 geometries that is regular and carries momentum
along the direction of the D1-D5 string?
In this paper we take a particular class of D1-D5 microstate geometries, and give
explicitly a perturbation that adds such momentum. The perturbation involves
the directions along the compact torus T 4, and is thus the analog of the ‘internal
direction perturbations’ that were studied in [4, 5, 6]. But since there is no horizon
in the D1-D5 microstate, we evade the curvature singularity found in earlier works.
We work in type IIB string theory on T 4×S1. We wrap n1 D1 branes on S1 and n5
D5 branes on T 4 × S1, creating a D1-D5 bound state. If we take the S1 radius Ry
to be the largest scale in the system, the background D1-D5 geometry has a long
AdS3 × S3 × T 4 throat (Fig. 1).
Figure 1: Structure of two-charge D1-D5 geometries in the large Ry limit.
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In this limit the D1-D5 bound state is described by a low energy 1+1 dimensional
CFT. This CFT has an ‘orbifold point’ in moduli space [13] that is the analog of a
‘zero coupling’ point for the theory. At the orbifold point the CFT is a sigma model
with target space (T 4)N/SN , where N = n1n5.
The gravity perturbations we construct have a simple interpretation in the CFT:
they describe excitations of the U(1) currents in the CFT which arise from trans-
lation symmetry along the four directions of the T 4. (These U(1) currents were
studied in [14].)
At the orbifold point these currents have a simple expression in terms of the bosonic
fields. The orbifold CFT is a symmetrized product of N copies of a CFT with target
space T 4. Let us label the different copies by an index r = 1, . . . N . Each copy has
a bosonic oscillator for each of the four directions of the T 4; thus we have oscillator
modes α
(r),i
−n with i = 1, . . . 4. In terms of these modes, the U(1) currents J
i
−n are
given by
J i−n =
N∑
r=1
α
(r),i
−n .
Thus the perturbations we construct are the simplest excitations when considered
from the viewpoint of the orbifold CFT: they are just the gravitational dual of a
single bosonic oscillator mode (symmetrized among all the N copies).
For concreteness we first work with the simplest D1-D5 ground state – the one
with highest spin, which we denote by |0〉R. The geometry sourced by |0〉R is
known [15, 16]. We construct the dual perturbation for the CFT state
|Ψ〉 = J i−n|0〉R .
Denoting the background metric and RR 2-form by g¯AB, C¯
(2)
AB, the state |Ψ〉 is
described by perturbed fields g¯AB+hAB, C¯
(2)
AB+CAB. We obtain these perturbations
hAB, CAB.
In a recent paper [17] approximate forms of hAB, CAB were found in two different
regions of the geometry sourced by |0〉R; matching in the overlap region was used to
argue that a complete perturbation of the desired form should exist. In this paper
we find the full hAB, CAB in closed form and extend the construction to a larger
class of background geometries.
Let us discuss the form expected of the perturbation. By the general ideas of Brown
and Henneaux [18], the gravity duals of symmetry currents should be given by pure
diffeomorphisms in an asymptotically AdS geometry.1 Thus for each U(1) currents,
1These ideas have been used by Strominger [19] and extended to a set of principles for general
black holes by Carlip [20].
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the gravity perturbation should be a diffeomorphism (created by T 4 translations) in
the AdS3 × S3 × T 4 ‘throat’ region of the geometry in Fig. 1. But the perturbation
cannot be a pure diffeomorphism everywhere, since the corresponding CFT excita-
tion J i−n adds an energy
n
Ry
to the state |0〉R. We will observe that the perturbation
we construct reduces to a diffeomorphism inside the ‘throat’ region of the geometry,
but is not a diffeomorphism in the ‘neck’ (which is, in a sense, the boundary of the
AdS region).
Having the perturbation in closed form also permits us to examine it in a very
different limit – one in which Ry is the smallest scale in the system, rather than
the largest. In this limit the background D1-D5 geometry has the shape of a ring.
Interestingly, we find that the perturbation has structure over the entire region
spanned by the ring (instead of being confined to the thickness of the ring).
Finally, we extend the construction of the perturbation to a larger family of D1-D5
ground states – the family of all D1-D5 ground states having U(1)× U(1) symme-
try [15, 16]. The energy of the gravity perturbation in each case agrees with the
excitation energy expected for the corresponding CFT state.
This paper is organized as follows. In Section 2 we introduce the background ge-
ometry created by |0〉R and the operator J i−n in the D1-D5 CFT. In Section 3 we
give the perturbation and analyze its properties. In Section 4 we generalize the
perturbation to the larger class of background geometries. In Section 5 we discuss
our results and future directions.
2 The background and the perturbation
2.1 The background geometry
We work with type IIB string theory with the compactification
M9,1 → M4,1 × S1 × T 4 . (2.1)
We wrap n1 D1 branes on S
1, n5 D5 branes on S
1 × T 4, and consider the bound
states of these branes. The fermions in the theory are periodic around the S1, so
the 1 + 1 dimensional CFT in the t, y directions is in the Ramond sector around the
y circle.
This D1-D5 system is U-dual to an NS1-P system, where the D5 branes become a
multiwound fundamental string along the S1 and the D1 branes become momentum
P carried as travelling waves on the string. The gravitational solution of such a
string carrying waves is well known [21, 10], and may be dualized back to obtain
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gravitational solutions describing the D1-D5 bound states [10, 11]. We use the
light-cone coordinates
v = t− y , u = t+ y (2.2)
constructed from the time t and S1 coordinate y. The different vibration profiles
~F (v) of the NS1P solutions leads to each D1-D5 solution being characterized by
such a profile ~F (v).
The generic state in this system is quantum in nature and the gravitational field
it sources is not well-described by a classical geometry. This is simply because the
momentum on the NS1 is spread over many different harmonics, with an occupation
number of order unity per harmonic. One can however gain insight into the physics
of generic solutions by starting with special ones, where all the momentum is placed
in a few harmonics. In this case one can take coherent states for the vibrating NS1
string, which are then described by a classical profile function ~F (v) and which source
classical geometries [22].
We start with the simplest geometry, which is obtained for the choice of profile
function of the form
F1(v) = a cos
v
n5Ry
, F2(v) = a sin
v
n5Ry
, F3(v) = 0, F4(v) = 0 , (2.3)
where Ry is the radius of the S
1. The geometry for this choice of ~F had arisen
earlier in [23, 15, 16] and takes the form:
ds2 = −1
h
(
dt2 − dy2)+ hf (dθ2 + dr2
r2 + a2
)
+ h
[(
r2 +
a2Q2 cos2 θ
h2f 2
)
cos2 θdψ2 +
(
r2 + a2 − a
2Q2 sin2 θ
h2f 2
)
sin2 θdφ2
]
− 2aQ
hf
(
cos2 θdydψ + sin2 θdtdφ
)
+ dzidzi , (2.4)
C
(2)
ty = −
Q
Q+ f
, C
(2)
tψ = −
Qa cos2 θ
Q+ f
,
C
(2)
yφ = −
Qa sin2 θ
Q+ f
, C
(2)
φψ = Q cos
2 θ +
Qa2 sin2 θ cos2 θ
Q+ f
(2.5)
where
a =
Q
Ry
, f = r2 + a2 cos2 θ, h = 1 +
Q
f
. (2.6)
2.2 The long AdS throat limit
As mentioned above, we will be interested in taking a limit of parameters where the
geometry has the form depicted in Fig. 1, where we have a long ‘throat’ region where
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the geometry is locally AdS. To take this limit, we take Ry to be large compared
to
√
Q:
 =
√
Q
Ry
 1 . (2.7)
We take  small enough that we get several units of the AdS radius between the cap
and the neck.
The different parts of the geometry (2.4) then have the following structure (Fig. 1)
which is generic for two-charge geometries:
(i) For r  √Q we have approximately flat space.
(ii) At r ∼ √Q we have the intermediate ‘neck’ region.
(iii) For a r  √Q we have the ‘throat’, which is locally AdS3 × S3 × T 4.
(iv) At r ∼ a we have the ‘cap’.
In the case of the background (2.4), the cap is global AdS3. We refer to the combined
throat+cap as the ‘inner region’. If one decouples the inner region completely from
the rest of the geometry, one obtains an asymptotically AdS3 × S3 × T 4 geometry
which is dual to a 1+1 dimensional N = (4, 4) CFT.
2.3 U(1) currents in the D1-D5 orbifold CFT
The D1-D5 bound state is described in the IR limit by a 1+1 dimensional sigma
model, with base space (t, y) and target space a deformation of the orbifold (T 4)N/SN ,
the symmetric product of N copies of T 4. The CFT has (4, 4) supersymmetry, and
a moduli space which preserves this supersymmetry. It is conjectured that in this
moduli space there is an ‘orbifold point’ where the target space is just the orbifold
(T 4)N/SN [13].
The CFT with target space just one copy of T 4 is described by four real bosons X i,
four left-moving fermions ψi and four right-moving fermions ψ¯i. The central charge
is c = 6. The complete theory with target space (T 4)N/SN has N copies of this
c = 6 CFT, with states that are symmetrized between the N copies. The orbifolding
also generates ‘twist’ sectors, which will be relevant later in this paper.
We use r to label different copies of the c = 6 CFT. At the orbifold point we note
that each copy has four holomorphic U(1) currents
J (r),i = ∂X(r),i (2.8)
arising from translations in the four torus directions. The total CFT then has the
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U(1) currents
J i =
N∑
r=1
∂X(r),i . (2.9)
The modes of the current J (r),i are then simply the bosonic oscillator modes α
(r),i
−n ,
and the modes of J i are
J i−n =
N∑
r=1
α
(r),i
−n . (2.10)
Based on the work of Brown and Henneaux [18], the gravity dual of
J i−n|0〉R (2.11)
should be a perturbation around the geometry (2.4), with the property that in the
AdS3 × S3 × T 4 throat it reduces to a diffeomorphism. At the boundary of the
AdS3 × S3 × T 4 region, the diffeomorphism should simply be that of a translation
along the T 4 direction i, as a function of v [17]. In the next section we describe a
perturbation with exactly these properties.
2.4 The field equations for the perturbation
We consider a perturbation given by the fields
g = g¯ + ˆ h , C(2) = C¯(2) + ˆ C , (2.12)
where ˆ 1 is a small parameter. From now on we single out a particular direction
in the torus to work with,
z1 ≡ z , (2.13)
and take the perturbation to be given by
hAz , CAz . (2.14)
To linear order in the perturbation, we have (F (3))2 = 0, so that the Ricci scalar
R vanishes. The equations for the perturbation are obtained from linearizing about
the background the 10D equations (M,N . . . = 1, . . . , 10)
RMN =
1
4
F
(3)
MPQF
(3)
N
PQ , (2.15)
F
(3)
MNP
;P = 0, F
(3)
MNP = ∂MC
(2)
NP + ∂NC
(2)
PM + ∂PC
(2)
MN . (2.16)
We write
hAz = AA, CAz = BA, FAB = ∂AAB − ∂BAA, GAB = ∂ABB − ∂BBA . (2.17)
7
Then we find RzA =
1
2
FAB
;B, and the Einstein equation (2.15) reduces to
FAB
;B =
1
2
GBCF
(3)
A
BC . (2.18)
The field equation (2.16) gives
GAB
;B =
1
2
FBCF
(3)
A
BC (2.19)
where the terms on the RHS arise from the connection term in the covariant deriva-
tives. The equations (2.18), (2.19) can be separated by writing
KAB =
1√
2
(
FAB +GAB
)
, LAB =
1√
2
(
FAB −GAB
)
. (2.20)
Following [17] we work in an ansatz where we set
hAz + CAz = 0 (2.21)
which gives KAB = 0 and leaves us with the equation
LAB
;B = −1
2
LBCF
(3)
A
BC . (2.22)
3 The perturbation and its properties
3.1 The perturbation
We now present a perturbation which solves the linearized equations of motion (2.22)
on the background (2.4). The perturbation is given by the following fields:
hvz = e
−in v
Ry
(
r2
r2 + a2
)n
2 Q
Q+ f
,
hrz = e
−in v
Ry
(
r2
r2 + a2
)n
2 i aQ
r(r2 + a2)
,
hψz = e
−in v
Ry
(
r2
r2 + a2
)n
2 Q
Q+ f
(−a cos2 θ) , (3.1)
hφz = e
−in v
Ry
(
r2
r2 + a2
)n
2 Q
Q+ f
(−a sin2 θ)
and
CAz = −hAz . (3.2)
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In the following section we will comment on the properties of this perturbation. In
the perturbation, n takes the values
n = 1, 2, 3, . . . (3.3)
After quantization, negative values of n will correspond to annihilation operators
for the same modes that are described by positive n (see [17] for a more detailed
discussion). The case n = 0 describes a deformation that carries U(1) charge; these
charges were considered in [14] but we will not focus on such solutions here.
We now comment on how this perturbation was derived. In [17], an approximate
construction of this perturbation was made following a method developed in [24].
The method involves taking two limits of the background geometry, the ‘outer region’
given by r  a and the ‘inner region’ given by r  √Q.
The equations of motion may be solved in the two limits and the solutions matched
in the region of overlap a  r  √Q. In [17], this procedure was followed to first
order in this approximation scheme. By following the procedure to higher orders,
and demanding a regular solution at each order, one is led to the above closed-form
solution.
3.2 Properties of the perturbation
In Section 2.2 we noted that when we take Ry 
√
Q then we get a ‘long AdS
throat’. In this regime of parameters, we will see that the perturbation (3.1) has
the following properties. The perturbation:
(i) is normalizable at infinity;
(ii) reduces to being a pure diffeomorphism in the AdS throat+cap to leading
order;
(iii) is not pure gauge everywhere;
(iv) is smooth in the ‘cap’ region;
(v) has the correct spacetime dependence to carry the energy and momentum
required by the excitation J i−n.
We shall demonstrate (i), (ii) and (iv) explicitly; the other properties are easily
verified.
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3.2.1 Normalizablility at infinity
We first show that the perturbation is normalizable at infinity by examining the
stress-energy tensor for the reduced gauge field 1√
2
(A−B), where A,B were defined
in (2.17). To do this we examine the fall-off of T00, the tt component of the stress-
energy tensor.
The background F (3) falls off as 1/r3 as r → ∞ in an orthonormal frame. Its
coupling to the field 1√
2
(A−B) then contributes at subleading order in 1/r and so
to leading order at infinity the stress-energy tensor is that of a normal gauge field,
TAB = LACL
C
B −
1
4
gAB LCDL
CD . (3.4)
We then find that
T00 ∼ 1
r6
as r →∞ . (3.5)
Integrating T00 over the remaining space directions then gives∫
T00 r
3dr dy dΩ3 ∼ 1
r2
(3.6)
so we see that the perturbation is normalizable at infinity.
3.2.2 Throat+cap region of background
In order to show properties (ii) and (iv), we take the throat+cap limit of the back-
ground. This is obtained by taking the limit
r 
√
Q (3.7)
in the full geometry (2.4). Recall that we have taken  =
√
Q
Ry
 1. In the limit (3.7)
we have Q
Q+f
→ 1.
The background metric (2.4) is singular when f = 0, which occurs when r = 0
and θ = pi
2
. To show that the fields are regular at r = 0 we must first change to
coordinates in which the background is smooth at r = 0. We thus make the spectral
flow [25, 15, 16] transformation to the NS coordinates
ψNS = ψ − a
Q
y, φNS = φ− a
Q
t . (3.8)
We then make the change of coordinates
t′ =
at
Q
, y′ =
ay
Q
, r′ =
r
a
(3.9)
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under which the 10D throat+cap metric becomes global AdS3 × S3 × T 4:
ds′2 = Q
[
−(1 + r′2)dt′2 + dr
′2
1 + r′2
+ r′2dy′2 + dΩ23
]
+ dzidzi (3.10)
where dΩ23 = dθ
2 + cos2 θdψ2NS + sin
2 θdφ2NS is the metric on a round unit S
3.
3.2.3 Pure gauge to leading order in the throat+cap
We first show that to leading order in the AdS throat+cap, the perturbation reduces
to being a pure diffeomorphism accompanied by a gauge transformation
C(2) → C(2) + ˆ dΛ . (3.11)
When we go to a unit orthonormal frame, we find that the components hψˆzˆ, hφˆzˆ are
smaller than the other nonvanishing components by a factor a√
Q
=
√
Q
Ry
= . Thus
we ignore these components, leaving
hvz = e
−in v
Ry
(
r2
r2 + a2
)n
2
,
hrz = ie
−in v
Ry
(
r2
r2 + a2
)n
2 aQ
r(r2 + a2)
. (3.12)
The gauge field also has two nontrivial components, since
CAz = −hAz . (3.13)
We now observe that the above metric and gauge field perturbations (3.12), (3.13)
are generated by a diffeomorphism with parameter ξ and a gauge transformation
with parameter Λ, where
ξz = i
Ry
n
e
−in v
Ry
(
r2
r2 + a2
)n
2
,
Λz = −ξz . (3.14)
The upper region of the throat, given by r  a, is analogous to the region near the
boundary of AdS after decoupling the throat from the flat asymptotics. We next
observe that in this region, to leading order the above diffeomorphism becomes a
translation in the z direction as a function of v only:
ξz → iRy
n
e
−in v
Ry . (3.15)
As shown in [17], this connects this perturbation, via the work of Brown and Hen-
neaux, to the U(1) current J i−n.
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3.2.4 Smoothness at the origin
To show that the fields are smooth at the origin, we make the diffeomorphism with
parameter ξ and gauge transformation with parameter Λ given by
ξz = −iRy
n
e
−in v
Ry
(
r2
r2 + a2
)n
2
,
Λz = −ξz . (3.16)
This removes the pure gauge part of the perturbation described above, including
the component hrz in (3.1) which appeared potentially singular at r = 0. We next
take the cap limit
r 
√
Q (3.17)
and spectral flow to NS coordinates using (3.8). This gives the cap fields
hvz = e
−in v
Ry
(
r2
r2 + a2
)n
2
(
− a
2
2Q
− r
2
Q
)
,
huz = e
−in v
Ry
(
r2
r2 + a2
)n
2
(
− a
2
2Q
)
,
hψz = −a e−in
v
Ry
(
r2
r2 + a2
)n
2
cos2 θ , (3.18)
hφz = −a e−in
v
Ry
(
r2
r2 + a2
)n
2
sin2 θ
and
CAz = −hAz .
It can be checked that these fields are smooth at r = 0.
3.3 Perturbation in the black ring limit
In the above discussion we had taken the S(1) radius large compared to the curvature
scale of the geometry: Ry 
√
Q. In this limit the solution (2.4) takes the form
depicted in Fig. 1. But we can also take the opposite limit: Ry 
√
Q. In this limit
the geometry (2.4) becomes a ring, depicted in Fig. 2 (a). The ring has a ‘thickness’√
Q, and a radius a = Q
Ry
 √Q. The metric is nontrivial within the thickness of
the ring, and goes over to flat space when the distance from the ring axis becomes
much larger than
√
Q.
Since the perturbation (3.1) that we have constructed is given in closed form as a
function of Ry, Q, we can examine it in the ring limit as well. A priori, we would
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anticipate one of two possibilities: (i) the perturbation may be confined to the ring
thickness, dying away at distances much larger than
√
Q from the ring axis (ii)
the perturbation spreads over a much larger region of the size of the ring itself,
controlled by the scale a.
For comparison, in [26] a momentum-carrying perturbation of the D1-D5 back-
ground (2.4) was studied, obtaining a microstate of the D1-D5-P black ring [27]. In
that case the perturbation was of type (i). We depict this in Fig. 2 (b). Interestingly,
in the present case we find that our perturbation is of type (ii). To see this, note
that the hierarchy of scales is now
Ry 
√
Q  a . (3.19)
Consider for example hvz:
hvz = e
−in v
Ry
(
r2
r2 + a2
)n
2 Q
Q+ f
. (3.20)
At the axis of the ring, we have r = 0, and we see that near this location the
perturbation vanishes as rn. In fact the perturbation grows up to the scale r ∼ a
before eventually falling off as 1/r2. So we see the perturbation does not have its
main structure inside the ‘tube’ r .
√
Q but has structure on the scale of the ring
itself. We depict this in Fig. 2 (c).
Figure 2: (a) The black ring geometry obtained in the limit of small Ry (b) The
perturbation of [26] was confined to the vicinity of the ring (c) The perturbation of
the present paper is small at the ring, and spreads over a region that has the size
of the entire ring.
The source of the difference between the two cases can be traced to the following fact.
In the case studied in [26] the perturbation had a wavenumber k along the long axis
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of the ring, and by taking k large one obtained a perturbation that fell off rapidly
outside the thickness of the ring. Our present perturbation has no oscillations along
the ring axis; thus increasing the level n of J i−n does not give us a high wavenumber
along the ring. So the perturbation for the J i−n are analogous to the small k case of
[26]. For small k the perturbation of [26] also spread over the scale a of the entire
ring.
4 Extension to a larger class of backgrounds
4.1 The perturbation on conical defect metrics
We have so far worked with the background sourced by |0〉R, the Ramond ground
state which is the spectral flow of the NS vacuum of the D1-D5 CFT. This geometry
is one of a family of D1-D5 geometries studied in [15, 16]. This family is characterized
by a parameter
γ = 1/k , k = 1, 2, . . . , N , N = n1n5 . (4.1)
The case k = 1 corresponds to the state |0〉R which is described by the solution
(2.4). The other members of the family are obtained in the CFT by acting on |0〉R
with twist operators, for details see [11]. The resulting states have N/k ‘component
strings’ of winding number k each; each component string is generated by the action
of a twist operator σk that twists together k copies of the c = 6 CFT.
We have seen that the gravitational solution for k = 1 and has a smooth cap which
is global AdS3. For k 6= 1 however, the geometries have conical singularities. This
is related to the fact that these solutions are U-dual to an NS1-P profile which runs
over itself k times. In Fig. 3 and Fig. 4 we qualitatively sketch the cases k = 1 and
k = 2. In each figure, we first sketch the U-dual NS1-P profile, then the throat+cap
region of the corresponding D1-D5 geometry, and finally the dual orbifold CFT
state.
The gravity solutions for this family are characterized by a parameter γ = 1
k
, and
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Figure 3: The background geometry and corresponding CFT state for k = 1. (a)
The NS1-P profile is in the lowest harmonic; (b) the cap is global AdS3; (c) the dual
CFT state consists of N untwisted component strings.
Figure 4: The background geometry and corresponding CFT state for k = 2. (a)
The NS1-P profile is in the 2nd harmonic; (b) the throat is longer than for k = 1,
and there is a conical singularity along a curve in the cap; (c) the dual CFT state
consists of N/2 twisted component strings of length 2.
15
are given by [15, 16]
ds2 = −1
h
(dt2 − dy2) + hf
(
dr2
r2 + a2γ2
+ dθ2
)
+ h
(
r2 +
a2γ2Q2 cos2 θ
h2f 2
)
cos2 θdψ2
+ h
(
r2 + a2γ2 − a
2γ2Q2 sin2 θ
h2f 2
)
sin2 θdφ2
− 2aγ Q
hf
(cos2 θ dy dψ + sin2 θ dt dφ) + dzidzi , (4.2)
C
(2)
ty = −
Q
Q+ f
, C
(2)
tψ = −
Qaγ cos2 θ
Q+ f
,
C
(2)
yφ = −
Qaγ sin2 θ
Q+ f
, C
(2)
φψ = Q cos
2 θ +
Qa2γ2 sin2 θ cos2 θ
Q+ f
(4.3)
where
a =
Q
Ry
, f = r2 + a2γ2 cos2 θ, h = 1 +
Q
f
. (4.4)
The perturbation (3.1) has a simple generalization to the case of γ 6= 1. We first
write down the answer, and in the next subsection we explain how it arises as a
natural generalization of the solution for the case of γ = 1. The perturbation for
general γ = 1
k
is
hvz = e
−in v
Ry
(
r2
r2 + a2γ2
)nk
2 Q
Q+ f
,
hrz = e
−in v
Ry
(
r2
r2 + a2γ2
)nk
2 i aγ Q
r(r2 + a2γ2)
,
hψz = e
−in v
Ry
(
r2
r2 + a2γ2
)nk
2 Q
Q+ f
[−aγ cos2 θ] , (4.5)
hφz = e
−in v
Ry
(
r2
r2 + a2γ2
)nk
2 Q
Q+ f
[−aγ sin2 θ]
and
CAz = −hAz ,
where here f is given in (4.4).
4.2 Derivation of the generalization
When γ 6= 1 the ‘throat+cap’ of the solution (4.2) is an orbifold of AdS3 × S3 (we
ignore the T 4 for this discussion). This can be seen as follows. The throat+cap
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region is obtained by setting r  √Q, which gives h = 1 + Q
f
≈ Q
f
. In this limit the
metric (4.2) is
ds2 = − f
Q
(dt2 − dy2) + Q
( dr2
r2 + a2γ2
+ dθ2
)
+ Q cos2 θdψ2 + Q sin2 θdφ2
− 2aγ cos2 θdydψ − 2aγ sin2 θdtdφ . (4.6)
The metric can be diagonalized by introducing the coordinates
t˜ =
aγ
Q
t, y˜ =
aγ
Q
y, r˜ =
r
aγ
, θ˜ = θ, ψ˜ = ψ − y˜, φ˜ = φ− t˜ (4.7)
in terms of which the metric becomes
ds2 = Q
[
−(r˜2 + 1)dt˜2 + r˜2dy˜2 + dr˜
2
r˜2 + 1
+ dθ˜2 + cos2 θdψ˜2 + sin2 θdφ˜2
]
(4.8)
which is (locally) the metric of AdS3 × S3. However, note that the identifications
on the initial variables y, ψ, φ were
y → y + 2piRy , ψ → ψ + 2pi , φ→ φ+ 2pi . (4.9)
In the new variables, these become{
y˜ → y˜ + 2piγ, ψ˜ → ψ˜ − 2piγ
}
, ψ˜ → ψ˜ + 2pi , φ˜→ φ˜+ 2pi (4.10)
where the first identification has a joint displacement of both y˜ and ψ˜. This identi-
fication has a fixed point where both the y˜ and ψ˜ circles collapse to zero size, which
happens at r = 0, θ˜ = pi
2
. This is just the curve f = 0 in the geometry (4.2). Thus
this curve (which has the shape of a circle) is the location of an orbifold singular-
ity. The singularity is a conical defect created by identifying an angular variable by
2piγ = 2pi/k instead of by 2pi.
Since the metric (4.8) has the same AdS3 × S3 form as in the case γ = 1, we can
locally solve the equations of motion by the perturbation (3.1) that we had for the
case γ = 1. The change of coordinates implies that the functions in the perturbation
will come with factors of the form
e−in˜v˜
(
r˜2
r˜2 + 1
)n˜
2
. (4.11)
We now rewrite this expression in the original coordinates of the metric (4.2), getting
e
−in˜γ v
Ry
(
r2
r2 + a2γ2
)n˜
2
. (4.12)
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At infinity the momentum along y must be quantized in units of 1/Ry, so we must
impose
n˜γ = n , n = 1, 2, 3, . . . (4.13)
Then (4.12) becomes
e
−in v
Ry
(
r2
r2 + a2γ2
)nk
2
(4.14)
where we have written the power on the r dependence in terms of k = 1/γ as
before. Substituting this expression and replacing a → aγ where appropriate in
(3.1) gives the generalized perturbation (4.5). We have verified that (4.5) solves the
perturbation equations around the metric (4.2).
4.3 The CFT excitation
Let us look at the excitation in the orbifold CFT corresponding to the perturbation
(4.5). We imagine quantizing the mode (4.5), and taking a single quantum of the
perturbation. The quantum has energy E = ω = n
Ry
, which corresponds to an
excitation at level 1 in the CFT. Since we have a single supergravity quantum, we
expect that only one component string will be excited (see [11] for more details on
relating gravity quanta to CFT excitations).
Denoting the Ramond vacuum of the rth component string by |0r〉R, the perturba-
tion in the CFT with these characteristics is given by
|Ψ〉 =
N
k∑
r=1
α
(r),i
−nk
(
|01〉R ⊗ · · · ⊗ |0N
k
〉R
)
. (4.15)
Here we have a single bosonic oscillator in mode nk on one of the component strings
(and we have symmetrized over all the component strings). Since the CFT with
twisted cycles lives in a ‘box’ of length 2pikRy, the oscillator at level nk carries
energy n
Ry
, as desired.
Note that there are many other states possible at this energy level, since we are at
level nk on the twisted component string. Construction of the other states at this
level is a more complicated task, which we hope to address elsewhere.
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5 Discussion
The gravitational description of all two-charge D1-D5 states can be understood. This
is possible because the D1-D5 system can be mapped by dualities to NS1-P, which
is a string carrying travelling waves. The metrics for such strings are known [21, 10],
and dualizing back we get the metrics for D1-D5 bound states [10, 11]. There is
however no known construction which gives all three-charge D1-D5-P solutions in a
similar way. Instead, families of D1-D5-P states have been constructed by diverse
methods [28, 29, 30]. In some cases, the gravity solutions have been identified with
their counterparts in the orbifold CFT.
In this paper we have taken a particular set of CFT states J i−n|0〉R and constructed
their gravity duals. These states are special in the following sense. Recall that the
CFT on N D3 branes is U(N) gauge theory, which splits into an SU(N) factor (dual
to AdS5×S5 [31]) and a U(1) factor which is dual to a singleton [32] mode localized
at the ‘boundary of AdS’ [33]. Similarly, in the D1-D5 case we have modes localized
at the boundary of AdS3 [34, 35] which are dual to CFT excitations created by the
chiral algebra of the CFT. In particular the U(1) chiral currents J i−n generate such
boundary modes, which we have studied in the present paper.
The background we work with is not, however, the AdS space but the entire asymp-
totically flat geometry sourced by the D1 and D5 branes. Here the boundary of
AdS is naturally bounded by a ‘neck’ region that leads to the asymptotically flat
part of spacetime. Following the general arguments of Brown and Henneaux, we
expect the singleton mode to be a diffeomorphism in the AdS region. We find that
our perturbation is pure gauge to leading order in the AdS region, and nontrivial
in the neck; this allows it to carry the required energy of the CFT excitation.
The black string waves of [4, 5, 6] were found to be singular at the horizon; the same
was found of the corresponding modes in [8] when examined at quadratic order [9].
In our case the perturbation is given by smooth functions on a smooth geometry
with no horizon, so we do not expect any such singularity.
The state in the orbifold CFT corresponding to this perturbation is the simplest
possible excitation in the CFT. The orbifold CFT has (on each of the N = n1n5
copies) four free bosons and four free fermions. The perturbation we have con-
structed corresponds to exciting one bosonic oscillator mode αi−n (symmetrized over
the N copies of the CFT).
It is interesting to compare the CFT excitation for J i−n with the excitation that
corresponds to the Virasoro generators L−n. In terms of the bosonic oscillators
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α
(r),i
−n of the rth copy of the CFT, J
i
−n is given by
J i−n =
N∑
r=1
α
(r),i
−n (5.1)
while L−n is given by
L−n =
N∑
r=1
α
(r),i
−n−mα
(r),i
m . (5.2)
Note however that acting twice with J i−n is very different from acting with L−n,
since
J i−n1J
i
−n2 =
(
N∑
r=1
α
(r),i
−n1
)(
N∑
s=1
α
(s),i
−n2
)
. (5.3)
so that we have a very different correlation between the ‘copy index’ of the two os-
cillators. This difference is analogous to the difference in the D3 brane case between
the operators (trF 4) and (trF 2)2.
Our solutions are new three-charge perturbations, which depend on the light-cone
coordinate v. They are not generated by simply adding a wave to the background
geometry in the way we add a wave to a string. The latter approach needs a null
Killing vector along which we must translate [21], and there is no such Killing vector
for the background D1-D5 microstate solution (2.4). Instead, there is a detailed
structure of the perturbation in the cap region which ensures its regularity.
There are many possible directions in which to continue this research. One is to
construct the perturbation in this paper to quadratic order, and potentially to a
fully nonlinear solution. Another possible direction is to generalize the construction
of this paper to other background geometries, for example known classes of three-
charge extremal and non-extremal solutions [28]. It would also be interesting to see
how our solutions relate to the analysis of [36].
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